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The cosmological field equations sourced by a self-interacting scalar field are dynamically equiv-
alent to a closed system of equations obtained by applying the moment method to non-linear
Schro¨dinger equations possessing an underlying non-relativistic conformal SL(2,R) symmetry. We
consider the one-dimensional, quintic Schro¨dinger equation relevant to strongly repulsive, dilute Bose
gases. The action of the diffeomorphism group on the space of Schro¨dinger operators generates an
harmonic trapping potential that can be identified with the kinetic energy of the cosmological scalar
field. Inflationary cosmologies are represented by points on the orbit of the de Sitter solution, which
is the quotient manifold Diff(R)/SL(2,R). Key roles are played by the Schwarzian derivative of
the diffeomorphism and the Ermakov-Pinney equation. The underlying SL(2,R) symmetry results
in a first integral constraint which ensures energy-momentum conservation. When the analysis is
restricted to the universal cover group of diffeomorphisms on the circle, the generation of a rolling
scalar field can be understood in terms of the Virasoro coadjoint action. The corresponding sym-
plectic two-form and Hamiltonian generator of the coadjoint orbit are determined by the scalar field
kinetic energy.
1. INTRODUCTION
A wealth of astrophysical observations, most notably
from the cosmic microwave background [1] and large-
scale structure surveys [2], strongly indicate that the uni-
verse underwent a phase of accelerated, inflationary ex-
pansion in its most distant past [3] and, moreover, is cur-
rently entering a second accelerated phase at the present
epoch [4]. The simplest mechanism for driving such an
expansion (at both early- and late-times in the universe’s
history) is through the potential energy associated with
the self-interactions of a scalar field which is minimally
coupled to Einstein gravity. (For reviews see, e.g., [5, 6]).
Studying the dynamics of spatially isotropic cosmologies
sourced by such a field is therefore of considerable im-
portance.
In the present work, we illustrate how inflationary dy-
namics can be described in terms of the group Diff+(R)
of orientation-preserving diffeomorphisms of the line cor-
responding to general temporal reparametrizations. Such
a description is achieved by bringing together two appar-
ently unrelated results: namely, an equivalence that ex-
ists between natural Diff+(R) representations on the vec-
tor spaces of Schro¨dinger and Sturm-Liouville differential
operators with time-dependent (harmonic trapping) po-
tentials [7–9], and a (formal) correspondence between the
dynamics of certain non-relativistic conformal field theo-
ries (NRCFTs) and the cosmological Einstein equations
[10]. The latter equivalence is established by identifying
the integral moments of a non-linear Schro¨dinger wave-
function with appropriate cosmological parameters. The
(cosmic) dynamics of the wavefunction moments is then
governed by the Ermakov-Pinney equation [11–13].
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The unifying object that links together these appar-
ently disparate themes is the Schwarzian derivative op-
erator of the diffeomorphism [14] and, in particular, the
identification of this operator with the kinetic energy of
the cosmological scalar field. An essential role is also
played by the non-relativistic conformal group SL(2,R).
The NRCFT we consider is the d = 1 quintic, non-linear
Schro¨dinger equation, which is invariant under the action
of the Schro¨dinger group, Sch(d), the maximum kinemat-
ical group of the free Schro¨dinger equation [15, 16]. This
group is the semi-direct product Sch(d) = G ⊲ SL(2,R),
where G is the Galilean group with central extension
and SL(2,R) is the group of fractional linear transforma-
tions on the time coordinate. The underlying SL(2,R)
symmetry within the Schro¨dinger group ensures that the
dynamics of the wavefunction integral moments form a
closed, non-autonomous system of ordinary differential
equations (ODEs) [17]. The solution of this symmetric
system can be interpreted in a cosmological context as
the de Sitter (inflationary) solution.
The Diff+(R)-action explicitly breaks the conformal
symmetry and generates an effective harmonic trapping
potential in the Schro¨dinger equation, which is propor-
tional to the Schwarzian derivative of the diffeomorphism
[7, 18]. The key point is that the space of Schro¨dinger
operators is a Diff+(R)-module [7, 8], which implies
that closure of the moment equations is preserved un-
der Diff+(R). The trapping potential can be identified
in terms of a dynamical scalar field which evolves on a
spatially isotropic spacetime. In this sense, a scalar field
(inflationary) cosmology is generated by the action of
Diff+(R) and may be viewed as a point on the Diff+(R)-
orbit of the pure de Sitter background. This orbit is the
quotient manifold Diff+(R)/SL(2,R).
When the Diff+(R)-action is restricted to the sub-
group corresponding to the universal cover group of
orientation-preserving diffeomorphisms on the circle, the
2time-reparametrization can be understood in terms of the
coadjoint representation of the Virasoro-Bott group [19–
23], which is the unique (up to isomorphism) central ex-
tension of Diff+(S1) [24, 25]. A non-trivial central charge
is essential for generating a rolling scalar field. The orbit
of cosmologies in this case is a symplectic manifold and
the associated non-degenerate, closed two-form, together
with the corresponding Hamiltonian generator, can be
calculated explicitly. The value of the two-form at each
point on the orbit is determined by the kinetic energy
of the scalar field and therefore quantifies the deviation
away from the de Sitter point in the slow-roll inflationary
scenario.
Non-linear Schro¨dinger (NLS) equations play a key role
in diverse branches of physics ranging from optics, plasma
physics through to Bose-Einstein condensation [26]. The
quintic NLS equation is of particular relevance to one-
dimensional ultra-cold, dilute Bose gases [27]. In the
limit of strong, repulsive, interatomic interactions, such
gases are in the so-called Tonks-Gerardeau regime, where
the bosonic particles behave as a system of free fermions
[28, 29]. The Tonks-Gerardeau regime can be (partially)
described by the quintic NLS equation with an harmonic
trapping potential, where the non-linearity arises as a
consequence of many-body effects on the scattering cross-
section of the particles [27, 30–32]. Tonks-Gerardeau
gases have been realized experimentally [33, 34]. We
keep this connection with ultra-cold atomic gases in mind
throughout the course of this work. One-dimensional
Bose gases trapped in periodic harmonic potentials were
recently classified in terms of centrally extended Virasoro
coadjoint orbits [35, 36].
The cosmological implications of the Ermakov-Pinney
equation have been investigated by a number of authors
[37–47, 50], and commentaries on its mathematical prop-
erties and numerous physical applications are provided in
[48–50]. The possible role of the Schwarzian derivative
in cosmology has been discussed recently. In [51–53],
projective transformations of the time coordinate were
employed to relate Newtonian cosmological backgrounds
with a constant dark energy density to those where the
density is time-dependent. Virasoro coadjoint orbits have
been discussed in a quantum cosmological context in [54].
Finally, before proceeding, we should be clear about
how the diffeomorphism group on the line should be inter-
preted in this work from a gravitational perspective. Dif-
feomorphisms in Einstein gravity are typically viewed as
gauge redundancies, but this is not the case here. Rather,
the natural representations of Diff+(R) are equivalence
groups on the spaces of differential Schro¨dinger and
Sturm-Liouville operators within which the cosmological
Friedmann equations can be embedded.
The paper is organized as follows. In Section 2, the
relevant representations of Diff+(R) are summarized and
the important role played by tensor-densities is high-
lighted. We proceed in Section 3 to derive the wave-
function moment equations. The cosmological implica-
tions of the preceeding Sections are discussed in Section
4, specifically the map to the traceless Einstein field equa-
tions (Subsection 4A), the interpretation of inflationary
cosmologies as points on the de Sitter orbit (Subsection
4B), and the self-similar characteristics of the underly-
ing wavefunctions (Subsection 4C). Some specific models
based on exponential self-interaction potentials are also
presented (Subsection 4D). The connection with Vira-
soro coadjoint orbits is discussed in Section 5. We con-
clude with a discussion in Section 6. A short Appendix
is included for the benefit of readers unfamiliar with cen-
trally extended Lie groups and coadjoint representations.
Throughout this work, the vector space of smooth
(continuously differentiable) functions on a manifold M
is denoted by C∞(M). Depending on the context,
derivatives of a function y(x) ∈ C∞(M) are denoted
dy/dx = y˙(x) = y′(x) = ∂xy, etc. Unless stated oth-
erwise, we denote the orientation-preserving group of
diffeomorphisms of the one-dimensional manifold M by
Diff(M), where M = R, S1. Physical units are chosen
such that c = ~ = 1.
2. REPRESENTATIONS OF THE
DIFFEOMORPHISM GROUP
A. On the Space of Schro¨dinger Operators
It can be proved [55] that all cubic-quintic, non-
linear Schro¨dinger (NLS) equations which possess a six-
dimensional Lie point symmetry can always be trans-
formed into the pure quintic equation:
i∂tu+
1
2m
∂rru− g0|u|
4u = 0 (2.1)
where g0 ∈ C is a constant coupling and m ∈ R is a
mass parameter. The d = 1 Schro¨dinger group admits
a six-dimensional Lie algebra, sch1, and the Lie point
symmetry of (2.1) is isomorphic to this algebra [55]. A
representation for the sl(2,R) subalgebra of sch1 can be
given in terms of first-order operators on R2 (spanned by
coordinates (t, r)). It takes the form [57]
L−1 = −∂t, L0 = −t∂t −
1
2
r∂r − µ
L1 = −t
2∂t − tr∂r −
M
2
r2 − 2µt (2.2)
where M := −im and µ ∈ R is the scaling dimension of
the wavefunction. (This should be set to µ = 1/4 when
interpreting u as a solution to the d = 1 Schro¨dinger
equation (2.1).)
This sl(2,R) algebra may be embedded in an
infinite-dimensional, centerless Virasoro-type algebra,
Vect(M) := 〈Ln |n ∈ Z〉, where the generators are rep-
resented by the first-order operators
Ln = −t
n+1∂t −
n+ 1
2
tnr∂r
−µ(n+ 1)tn −
n(n+ 1)
4
Mtn−1r2 (2.3)
3These satisfy the non-vanishing commutation relations
[Ln, Ln′ ] = (n− n
′)Ln+n′ , n, n
′ ∈ Z (2.4)
and the sl(2,R) subalgebra of sch1 is spanned by 〈Ln|n ∈
{0,±1}〉. The algebra Vect(M) is the Lie algebra of the
group of diffeomorphisms Diff(M) and is a subalgebra
of the infinite-dimensional Schro¨dinger-Virasoro algebra
[7–9, 56–58].
The infinitesimal transformations generated by (2.3)
may be formally exponentiated to yield the finite trans-
formation laws for the coordinates (t, r, u) 7→ (τ, s, u˜)
[57]:
t = β(τ), r = (β˙(τ))1/2s (2.5)
u(t, r) = (β˙(τ))−µ exp
[
im
4
β¨(τ)
β˙(τ)
s2
]
u˜(τ, s) (2.6)
where β ∈ C∞(M). The necessary condition β˙(τ) > 0
restricts the transformation to the orientation-preserving
subgroup of Diff(M). Moreover, elements of Diff(M) are
labeled by the map f : t 7→ f(t), but since this map is
diffeomorphic, it is often more convenient to consider the
inverse element f−1(τ) := β(τ). Eq. (2.6) is a represen-
tation of the group Diff(M) on a smooth function of two
variables, where β−1 ∈ Diff(M) induces the coordinate
change (2.5) on R2. We denote this representation by
(Πµ(β)h)(t, r) acting on a function h(t, r) ∈ C
∞(R2).
When restricted to the action of SL(2,R), the diffeo-
morphism is generated by (2.2) and given explicitly by
β(τ) =
aτ + b
cτ + d
, ad− bc = 1 (2.7)
This transformation leaves Eq. (2.1) invariant. Clearly,
the more general coordinate transformations (2.5)-(2.6)
break this Lie point symmetry. Nonetheless, they consti-
tute the equivalence group, Υ, of a more general quintic
NLS equation, which reduces to Eq. (2.1) in an appropri-
ate limit. In general, the equivalence group of a differen-
tial equation is the group of smooth transformations on
the dependent and independent variables that leave the
differential structure invariant, whilst simultaneously al-
tering the functional forms of the coefficients. With this
in mind, consider the quintic NLS equation
i∂tu+
1
2m
∂rru−
1
2
λ(t)r2u− g0|u|
4u = 0 (2.8)
where we have introduced the physically well-motivated,
time-dependent harmonic ‘trapping’ potential, 12λ(t)r
2,
with λ(t) ∈ C∞(M). The case λ(t) = 0 corresponds
to Eq. (2.1). Applying the coordinate transformation
(2.5)-(2.6) with µ = 1/4 then yields the image of this
differential equation [7–9, 18, 57]:
i∂τ u˜+
1
2m
∂ssu˜−
1
2
λ˜(τ)s2u˜− g0|u˜|
4u˜ = 0 (2.9)
where
λ˜(τ) := (β˙(τ))2λ(β(τ)) +
m
2
S[β](τ) (2.10)
and
S[β](τ) :=
...
β (τ)
β˙(τ)
−
3
2
(
β¨(τ)
β˙(τ)
)2
(2.11)
defines the Schwarzian derivative.
Hence, Eq. (2.8) is form-invariant under the group
of diffeomorphisms, Diff(M), represented by Eqs. (2.5)-
(2.6). Consequently, if u(t, r) is a solution to the quintic
NLS equation (2.8), then u˜(τ, s) is a solution to Eqs.
(2.9)-(2.11). This implies that the equivalence group of
Eq. (2.8) may be realized as an automorphism on the
vector space of linear, second-order Schro¨dinger opera-
tors on R2 defined by SSch := {∆Sch }, where
∆Sch := h(t, r)
(
i∂t +
1
2m
∂rr −
1
2
λ(t)r2
)
(2.12)
and h(t, r) ∈ C∞(R2) [8]. The transformation (2.5)-(2.6)
maps an element in SSch onto another element in SSch.
Indeed, we have that
∆˜Sch(u˜) = (β˙(τ))
5/4 exp
[
−
imβ¨
4β˙
s2
]
∆Sch(u) (2.13)
The representation of the group Diff(M) in the space
of Schro¨dinger operators SSch is then given as σ :
Diff(M)→ Hom(SSch,SSch) defined in terms of the left-
and-right action [7]
σ(f) : ∆Sch → Π 5
4
(f) ◦∆Sch ◦Π 1
4
(f−1) (2.14)
where f ∈ Diff(M) and ∆Sch ∈ SSch. The space of
Schro¨dinger operators is preserved by the σ-action of
Diff(M) and may be viewed as a Diff(M)-module.
The crucial point for the present discussion is that
the non-linear quintic term g0|u|
4u in Eq. (2.8) trans-
forms in precisely the same manner as the linear opera-
tor, Eq. (2.13), under Diff(M). Hence, the restriction of
σ to the affine subspace of operators on the hyperplane
h = constant in SSch results in the transformed quintic
NLS equation (2.9). This implies that Diff(M) is also
the equivalence group for the full class of quintic NLS
equations (2.8).
B. On the Space of Sturm-Liouville Operators
We proceed by considering the linear, second-order
Sturm-Liouville (SL) operator:
∆SL := m
d2
dt2
+ λ(t) (2.15)
where λ(t) ∈ C∞(M) and m ∈ R have the same inter-
pretations discussed above. The corresponding Ermakov-
Pinney (EP) equation is the non-linear, second-order
ODE [11–13]
∆SL(X) = m
d2X
dt2
+ λ(t)X =
Q
X3
, Q ∈ R (2.16)
4The case λ(t) = 0 is the equation of motion for (0 +
1)-dimensional conformal mechanics, mX¨ = Q/X3 [59].
The Lie point symmetries of this ODE are
L−1 = −∂t, L0 = −t∂t −
1
2
X∂X ,
L1 = −t
2∂t − tX∂X (2.17)
and close under the sl(2, R) algebra. The associated
infinitesimal transformations may be integrated to the
SL(2,R) group action on the plane: t 7→ (at+b)/(ct+d),
X 7→ X/(ct+ d), where ad− bc = 1.
The generators (2.17) form an sl(2, R) subalgebra of
a centreless Virasoro-type algebra Vect(M) := 〈Ln |n ∈
Z〉 spanned by the generators
Ln = −t
n+1∂t −
1
2
(n+ 1)tnX∂X (2.18)
These satisfy the non-vanishing commutation relations
[Ln, Ln′ ] = (n − n
′)Ln+n′ , {n, n
′} ∈ Z. Eq. (2.18) pro-
vides a representation of the Vect(M) algebra as an alge-
bra of differential operators of order one on R2 spanned
by coordinates (t,X). Formal integration of the infinites-
imal transformations generated by the operators (2.18)
yields the finite transformations:
t = β(τ), X = (β˙(τ))1/2X˜ (2.19)
Applying the coordinate transformation (2.19) maps
the EP equation (2.16) into
m
d2X˜
dτ2
+ λ˜(τ) =
Q
X˜3
(2.20)
where the image of the potential, λ˜(τ), is given precisely
by Eqs. (2.10)-(2.11). The image (2.10) was called the
‘comparison function’ by Dingle, who was the first to
consider transformations of the form (2.19) within the
context of the EP equation [60].
We conclude, therefore, that the (orientation-
preserving) diffeomorphism group Diff(M) is also the
equivalence group of the EP equation (2.16). Indeed,
the Diff(M)-actions on the quintic NLS and EP equa-
tions are equivalent, in the sense that the image of the
(trapping) potential is the same in both cases [8].
The form invariance of the EP equation under the
Diff(M)-action (2.19) admits a geometrical interpre-
tation in terms of the transformation law for tensor-
densities. (See, e.g., [61–63] for reviews.) A tensor-
density α of degree h ∈ R on a one-dimensional manifold
M is defined by
α := α(t)(dt)h, α(t) ∈ C∞(M) (2.21)
Functions on M have degree h = 0, vector fields have
degree h = −1 and quadratic densities have degree h =
2. The requirement that a tensor-density be coordinate-
independent under a diffeomorphism f : t 7→ f(t) implies
that its component should transform as
f∗h · α :=
(
df−1
dt
)h
· α ◦ f−1 (2.22)
where f∗ denotes the pullback to t of α when α is evalu-
ated at τ = f(t). If we define the vector space of tensor-
densities of degree h by Fh(M) := {α(t)(dt)
h |α(t) ∈
C∞(M)}, the transformation (2.22) then represents a
1-parameter family of Diff(M)-actions on this space. In
particular, it maps ∆SL(X) 7→ ∆˜SL(X˜) such that [64, 65]
∆˜SL(X˜)(df)
3/2 = ∆SL(X)(dt)
3/2 (2.23)
X˜(df)−1/2 = X(dt)−1/2 (2.24)
where, as before, f := β−1 is the inverse map τ = f(t).
Hence, it follows from (2.24) that the argument of
the SL operator transforms as a (− 12 )-density under the
Diff(M)-action (2.19), whereas the image of X under
the SL operator, ∆SL : X 7→ ∆SL(X), transforms as a
3
2 -density [66, 67]. The SL operator may therefore be
interpreted as the map ∆SL : F−1/2 7→ F3/2 from the
space of (− 12 )-densities to the space of
3
2 -densities. Eq.
(2.22) then defines an action of Diff(M) on the (affine)
vector space of linear SL operators SSL := {∆SL}. The
image of ∆SL is another SL operator with potential given
by (2.10)-(2.11). We therefore have a representation of
Diff(M) defined by σ : Diff(M) → Hom(SSL,SSL) in
terms of the left-and-right action of (2.22) on the space
of SL operators:
σ(f) : ∆LS 7→ f
∗
3/2 ◦∆SL ◦ (f
∗
−1/2)
−1 (2.25)
where f ∈ Diff(M).
We now see that the form-invariance of the EP equa-
tion under the action (2.25) follows precisely because
the non-linear cubic term, Q/X3, transforms under
Diff(M) as a 32 -density. Consequently, a solution of
the transformed ODE (2.20) may be generated from a
solution to the original equation by specifying X˜(τ) =
(β˙(τ))−1/2X(β(τ)). This is precisely the transformation
law for the width of the wavefunction derived from the
moment method, as we now discuss in the next Section.
3. MOMENTS OF THE WAVEFUNCTION
Further insight into the dynamics of the non-linear
Schro¨dinger equation may be gained by studying the
evolution of various integral quantities defined in terms
of the wavefunction and its spatial derivatives. These
quantities are known as the moments of the wavefunc-
tion [18, 68–73]. (See [17] and references therein.)
Let us consider the d = 1 NLS equation with an arbi-
trary non-linear coupling:
i∂tu = −
1
2m
∂rru+
1
2
λ(t)r2u+ g(|u|2, t)u (3.1)
where g is a (possibly explicitly time-dependent) func-
tion of the wavefunction modulus. In general, an infinite
number of wavefunction moments may be defined [17].
5Those relevant to the present discussion are:
I2(t) := m
∫
dr r2|u|2 (3.2)
I3(t) := i
∫
dr r(u∂ru
∗ − u∗∂ru) (3.3)
K(t) :=
1
2m
∫
dr |∂ru|
2 (3.4)
J(t) :=
∫
dr G(|u|2, t) (3.5)
where in the last expression we have defined
∂G(|u|2, t)/∂|u|2 := g(|u|2, t). Under the assump-
tion that the wavefunction decays at spatial infinity,
a calculation involving the NLS equation (3.1) and
integration by parts reveals that
dI2
dt
= I3 (3.6)
dI3
dt
= −
2λ(t)
m
I2 + 4K − 2
∫
dr r|u|2
∂g
∂r
(3.7)
dK
dt
= −
λ(t)
2m
I3 −
i
2m
∫
dr
(
u
∂u∗
∂r
− u∗
∂u
∂r
)
∂g
∂r
(3.8)
dJ
dt
=
∫
dr
∂G
∂t
+
i
2m
∫
dr
(
u
∂u∗
∂r
− u∗
∂u
∂r
)
∂g
∂r
(3.9)
In general, Eqs. (3.6)-(3.9) do not form a closed set
of differential equations and moments involving higher-
order derivatives of the wavefunction would be needed
to determine the dynamics. This would ultimately ne-
cessitate solving an infinite tower of evolution equations.
Nonetheless, we may combine Eqs. (3.8) and (3.9) to
deduce that
d
dt
(K + J) = −
λ(t)
2m
I3 +
∫
dr
∂G
∂t
(3.10)
Furthermore, we may rewrite Eq. (3.7) such that
dI3
dt
= −
2λ(t)
m
I2 + 4
[
K +
1
2
∫
dr
(
g|u|2 −G
)]
(3.11)
Comparison between Eqs. (3.10) and (3.11) then implies
that necessary and sufficient conditions for closure of the
system (3.6)-(3.9) are that
J =
1
2
∫
dr
(
g|u|2 −G
)
(3.12)
and that the integral
∫
dr(∂G/∂t) be directly expressible
only in terms of the dependent functions [17]. Given the
definition of the moment J in Eq. (3.5), condition (3.12)
reduces to the requirement that∫
dr(3G− g|u|2) = 0 (3.13)
On the other hand, since (by assumption) G does not
depend explicitly on the spatial coordinate, this implies
that the integrand must vanish identically. This in turn
implies after integration that the coupling must take the
form
g(|u|2, t) = g0(t)|u|
4, g0(t) ∈ C
∞(R) (3.14)
However, in this case, the second necessary condition for
closure reduces to the requirement that∫
dr
∂G
∂t
=
1
g0
dg0
dt
J (3.15)
and closure therefore requires that g0 be constant in time
for this term to cancel when J 6= 0 [17].
In summary, therefore, the non-linear coupling in the
Schro¨dinger equation (3.1) must satisfy the condition
g(|u|2, t) = g0|u|
4, g0 ∈ C if the (lowest-order) wave-
function moments are to form a closed system of ODEs.
This is precisely the condition for a generic quintic NLS
equation to admit a six-dimensional Lie point symmetry
which is isomorphic to the Lie algebra sch1 [55].
The corresponding non-autonomous, linear system of
wavefunction moment equations is therefore
dI2
dt
= I3 (3.16)
dI3
dt
= −
2λ(t)
m
I2 + 4I4 (3.17)
dI4
dt
= −
λ(t)
2m
I3 (3.18)
where we have defined I4 := K + J . A physically intu-
itive interpretation of the wavefunction moments is given
in terms of the square of the width (I2), the momen-
tum (I3) and the energy (I4) of the wavefunction, re-
spectively. Note that the effects of the non-linear term
in the Schro¨dinger equation are entirely encoded within
the energy functional I4. The form of the system (3.16)-
(3.18) remains invariant in the limit g0 → 0 (J → 0),
corresponding to the free Schro¨dinger equation.
The evolution equations (3.16)-(3.18) admit a constant
of motion:
Q
m
:= 2I2I4 −
1
4
I23 (3.19)
which is independent of the trapping potential. (We iden-
tify this parameter as a separation constant in Section
4C.) A short calculation then reveals that the width of
the wavefunction, X := I
1/2
2 , satisfies the EP equation
(2.16) [69]:
∆SL(X) = m
d2X
dt2
+ λ(t)X =
Q
X3
(3.20)
System (3.16)-(3.18) can therefore be solved in its en-
tirety given a solution to (3.20). But the general solution
to (3.20) is given by a non-linear superposition [13]
XEP =
[
AX21 +BX
2
2 + 2CX1X2
]1/2
(3.21)
where (X1(t), X2(t)) are two linearly independent so-
lutions to the corresponding Sturm-Liouville ODE,
6∆SL(X) = 0. The constants A,B,C ∈ R satisfy the
constraint AB − C2 = Q/(mW 2), where the constant
W := X1X˙2−X2X˙1 is the Wronksian. Hence, the prob-
lem of solving the moment equations (3.16)-(3.18) is re-
duced to finding two linearly-independent solutions to
the SL equation.
An important observation to make is that closure of
(3.6)-(3.9) is possible for an arbitrary time-dependence
in the quadratic trapping potential, 12λ(t)r
2. On the
other hand, the discussion of Section 2A has shown
that the (affine) vector space of Schro¨dinger operators
(2.12) is a Diff(M)-module under the Diff(M)-action
(2.5)-(2.6), where the trapping potential is mapped to
its image (2.10)-(2.11). We may immediately deduce,
therefore, that the system of moment equations (3.16)-
(3.18) is also form-invariant under the Diff(M)-action
(2.5)-(2.6), with the image of the trapping potential given
by Eqs. (2.10)-(2.11). The moments transform such
that Ij 7→ I˜j , where tilde quantities are defined as be-
fore, but now in terms of the wavefunction u˜ and coordi-
nates (τ, s). In particular, the wavefunction width trans-
forms as X˜(τ) = (β˙(τ))−1/2X(β(τ)), which is precisely
the (− 12 )-density transformation given in Eq. (2.24) for
the argument of the SL operator in the EP equation.
This equivalence between the Diff(M) actions on the
Schro¨dinger and Sturm-Liouville operator spaces is the
reason why the moment method is able to (partially) pre-
serve the dynamics of the quintic NLS equation in terms
of the EP equation for the wavefunction width. The con-
nection between the two can be traced back to the un-
derlying SL(2,R) kinematical symmetry in the absence
of a trapping potential.
In the following Section, we exploit this equivalence
within a cosmological context.
4. COSMOLOGY OF THE MOMENT
A. Cosmological Friedmann Equations
For the quintic Schro¨dinger equation (2.1) in the ab-
sence of a trapping potential, the three conserved quan-
tities associated with the generators of the SL(2,R) ∼=
SO(2, 1) kinematical symmetry (2.2) are the Hamilto-
nian, I4, the dilatation, D, and the conformal generator,
K, respectively. These are given by
I4 =
∫
dr
[
1
2m
|∂ru|
2 + g0|u|
6
]
(4.1)
D = tI4 −
1
4
I3 (4.2)
K = −t2I4 + 2tD +
1
2
I2 (4.3)
where the moments I2, I3 are defined in (3.2)-(3.3).
By Noether’s theorem, these generators are constants in
time, so
dI2
dt
= I3,
dI3
dt
= 4I4,
dI4
dt
= 0 (4.4)
which implies that
m
d2X
dt2
=
Q
X 3
,
Q
m
:= 2I2I4 −
1
4
I23 ,
dQ
dt
= 0
(4.5)
where X := I
1/2
2 . The constant of motion, Q, is the
quadratic Casimir operator of the SL(2,R) symmetry
and commutes with all three generators (I4,D,K) with
respect to Poisson brackets that are closed under the
sl(2,R) algebra.
In general, the SL(2,R) symmetry of (4.4)-(4.5) is ex-
plicitly broken by an arbitrary time-reparametrization
under the Diff(M)-action (2.5). This action generates
a trapping potential via Eq. (2.10) and results in the set
of moment equations (3.16)-(3.20), where the potential
is given in terms of the Schwarzian derivative (we drop
tildes in what follows to ease notation):
λ(τ) =
m
2
S[β](τ) =
m
2
 ...β (τ)
β˙(τ)
−
3
2
(
β¨(τ)
β˙(τ)
)2 (4.6)
The kernel of the Schwarzian map is the group of frac-
tional linear transformations t 7→ (at + b)/(ct + d),
ad−bc = 1, so it is the elements β−1(t) ∈ Diff(M) which
are not in this kernel that explicitly break the SL(2,R)
symmetry and generate a non-trivial trapping potential
from the vanishing case, λ(t) = 0.
We are now ready to uncover the hidden cosmological
dynamics. We define functions a(τ), φ(τ), ρ(τ), a new
time parameter T and a constant G ∈ R such that
8πG
(
dφ
dτ
)2
:= S[β](τ) (4.7)
ρ(τ) :=
3
4πG
I4 (4.8)
a(τ) := X(τ) = I
1/2
2 (4.9)
d
dT
:= a
d
dτ
(4.10)
Eqs. (3.16)-(3.20) then transform to
H2 =
a˙2
a2
=
8πG
3
ρ−
k
a2
(4.11)
ρ˙ = −3Hφ˙2 (4.12)
a¨
a
−
a˙2
a2
−
k
a2
= −4πGφ˙2 (4.13)
where we have relabeled Q/m := k and a dot denotes
differentiation with respect to T [10, 47]. We recognize
Eqs. (4.11)-(4.13) as the field equations of Einstein grav-
ity for a spatially isotropic and homogeneous Friedmann-
Robertson-Walker (FRW) cosmology sourced by a min-
imally coupled, self-interacting scalar field φ with en-
ergy density ρ. We identify G as Newton’s constant and
7H(T ) := a˙/a as the Hubble expansion parameter. The
line-element of the corresponding FRW spacetime is
ds2 = −N2(τ)dτ2 + a2(τ)dΩ23,k
= −dT 2 + a2(T )
(
dx2
1− kx2
+ x2dΩ22
)
(4.14)
where T denotes cosmic time, the width of the wave-
function is interpreted directly as the scale factor of the
universe X = a and the spatial three-sections dΩ23,k have
constant curvature k ∈ {0,±1}. The metric may also be
expressed in terms of the lapse function, N(τ) = 1/a(τ),
and the time coordinate τ .
Under the correspondence (4.7)-(4.10), the inverse of
the wavefunction momentum transforms via Eq. (3.16)
into the comoving Hubble radius, 2I−13 = 1/(aH). This
determines an effective scale for the cosmic horizon dur-
ing an epoch of inflationary expansion. Perturbations
that are generated quantum-mechanically during infla-
tion are effectively frozen when their wavelength exceeds
this length-scale.
Eq. (4.11) is the Friedmann equation. This equation
follows as a direct consequence of the definition of the
constant of motion Q in Eq. (3.19).
Eq. (4.12) is the equation of energy-momentum con-
servation for the scalar field. This equation follows most
directly from the evolution equation for the Hamiltonian
of the wavefunction, Eq. (3.18). The self-interaction
potential of the scalar field, V (φ), is defined through
ρ := 12 φ˙
2 + V (φ).
Eq. (4.13) follows from transforming the EP equa-
tion (3.20). The interpretation of the transformed EP
equation from a gravitational perspective is somewhat
ambiguous. Within the context of standard General Rel-
ativity, the left-hand side of Eq. (4.13) is (one half) the
sum of the time-time and space-space components of the
Einstein field equations (EFEs). The right-hand side can
be interpreted as the inertial mass of the matter source.
The Friedmann equation is the time-time component of
the EFEs and Eqs. (4.11) and (4.13) together consti-
tute the full set of non-trivial components of the EFEs
when restricted to the FRW metric. Given these two
equations, conservation of energy-momentum follows au-
tomatically from the Bianchi identity. Thus, only two of
the three equations (4.11)-(4.13) are independent. (This
also implies that Eq. (3.17) does not introduce a further
dynamical constraint into the system.)
On the other hand, in unimodular versions of grav-
ity, where a constraint is imposed on the determinant of
the metric, the cosmological equations are given by the
traceless Einstein field equations [74–77]:
Rµν −
1
4
Rgµν = 8πG
(
Tµν −
1
4
Tgµν
)
(4.15)
For FRWmetrics, all non-trivial components of the trace-
less field equations reduce to the single equation (4.13).
However, conservation of energy-momentum no longer
follows from the Bianchi identity and must be imposed by
hand. If energy-momentum conservation is imposed, the
Friedmann equation (4.11) then represents a first integral
of the system [76, 78, 79].
Within the context of the present discussion, the
Casimir constraint equation (3.19) is a first integral of
the system of moment equations. The origin of the con-
stant, Q, lies in the underlying kinematical SL(2,R)
symmetry exhibited by the constant-Hamiltonian sys-
tem of equations (4.4)-(4.5). Indeed, Q represents the
quadratic Casimir operator of the SL(2,R) symmetry in
this case. Since the space of Schro¨dinger operators (2.12)
is a Diff(M)-module under the action of Eqs. (2.5)-(2.6),
an integral constraint also arises in the transformed sys-
tem. Remarkably, this constraint corresponds precisely
to that of a first integral for gravitational field equations
that respect conservation of energy-momentum. In this
sense, energy-momentum conservation has followed nat-
urally from the dynamics of the wavefunction moments
and the underlying SL(2,R) symmetry. It seems more
natural therefore to interpret the constraint equation
(4.11) as a genuine first integral of the field equations
rather than as a separate component, and to then regard
Eqs. (4.11)-(4.13) in terms of the traceless Einstein equa-
tions for the FRW metric. In this case, the integration
constant Λ ∈ R plays the role of a cosmological constant
and can be absorbed into the definition of the total en-
ergy density ρ 7→ ρφ+Λ, where ρφ now denotes the scalar
field energy density.
B. Cosmic Dynamics and the Orbit of de Sitter
Cosmology
From the wavefunction perspective, the SL(2,R) sym-
metric, zero energy configuration is I4 = 0. This has gen-
eral solution satisfying I23 = −4Q. The configuration is
static (constant width) for Q = 0, which just corresponds
to empty Minkowski spacetime. If Q < 0, we have that
a˙2(T ) = 1 in a negatively-curved universe. This is the
Milne universe describing a quarter wedge of Minkowski
spacetime expressed in expanding coordinates [80].
The general SL(2,R) symmetric wavefunction with a
non-zero, constant Hamiltonian has width (squared) de-
termined by the EP equation (4.5). The general solution
is given by Eq. (3.21):
X 2(t) = I2(t) = (A+Bt)
2 +
Q
mA2
t2 (4.16)
where A,B ∈ R are arbitrary integration constants. This
solution corresponds cosmologically to the de Sitter uni-
verse sourced by a spacetime-independent cosmological
constant. For example, consider the spatially flat cos-
mology, Q = k = 0. From (4.11) we deduce the ex-
ponential expansion a = ai exp[B(T − Ti)], ai, Ti ∈ R.
Note that the cosmological constant arises here as an
integration constant, as would be expected for the trace-
less EFEs. It is important to note that given a partic-
ular solution to the EP equation (4.5), the general solu-
8tion (4.16) is generated by the SL(2,R) transformation:
t 7→ (αt+β)/(γt+δ), X 7→ (γt+δ)X , αδ−βγ = 1. In this
sense, the Minkowski and de Sitter spacetimes should be
regarded as elements of the same SL(2,R) equivalence
class of solutions characterized by different choices of ini-
tial conditions (integration constants). This is important
in what follows.
The vacuum solution (4.16) may be employed as the
seed for generating dynamical scalar field cosmologies
via the Diff(M)-action (2.5)-(2.6) (or equivalently Eq.
(2.19)). Here, we focus on the spatially flat (k = 0)
models. The non-linear superposition property (3.21) of
the EP equation implies that the dynamics of spatially
curved models may be written down directly from the
linearly independent solutions to the flat model [41]. We
normalize units such that 8πG = 1.
The Diff(M)-action (2.19), t = β(τ), together with the
(− 12 )-density transformation of the wavefunction width,
X = (β˙(τ))−1/2X , generates the cosmic scale factor
a(τ) =
A+Bβ(τ)√
β˙(τ)
(4.17)
The associated scalar field evolution is determined by
formally integrating the definition (4.7):
φ(τ) =
∫
dτ
√
S[β](τ) (4.18)
The self-interaction potential of the scalar field is then de-
termined directly from the first-integral constraint (4.11):
V (τ) = 3(a˙(τ))2 −
1
2
a2(τ)S[β](τ) (4.19)
Cosmic time is determined parametrically in terms of the
quadrature:
T (τ) =
∫
dτ
a(τ)
=
∫
dτ
(β˙(τ))1/2
A+Bβ(τ)
(4.20)
Thus, we arrive at a parametric scalar field cosmology
in terms of the dynamical variable τ . Depending on the
particular element of Diff(M), i.e., the functional form
of β(τ), we may express the solution in terms of cosmic
time by integrating (4.20) and inverting the result.
Each map β(τ) ∈ Diff(M) generates a rolling scalar
field and this suggests that a given cosmology may be
identified with an element of Diff(M). Alternatively, we
are effectively associating each dynamical scalar field cos-
mology with a non-trivial trapping potential, λ(t) 6= 0,
corresponding to a ‘point’ in the (affine) vector space of
Schro¨dinger operators defined by Eq. (2.12). Different
points are reached from λ(t) = 0 by the representation of
Diff(M) given by Eq. (2.14). However, it is important
to emphasize that the non-trivial Schwarzian derivative
term in the image of the potential, Eq. (2.10), is propor-
tional to the mass parameter, m. It is therefore more ac-
curate to parametrize each element in the space of oper-
ators SSch in terms of the components (λ,m) of a vector.
(We shall see in the next Section that under appropriate
restrictions, m is proportional to the central charge of
the Virasoro group.) Crucially, the transformation from
(0,m) 7→ (m2 S[β](τ),m) is non-trivial precisely because
m 6= 0.
Thus, each scalar field cosmology (m2 S[β](τ),m) can be
reached from the ‘de Sitter’ point (0,m) by the Diff(M)-
action (2.14). We associate this de Sitter point with the
identity element t = f−1(τ) = β(τ) = τ in Diff(M).
However, one must also take into consideration the un-
derlying SL(2,R) symmetry by determining the stability
subgroup of this element. In general, the action of a
Lie group G (with Lie algebra g) on a manifold M is
the smooth map G ×M → M : (g, x) 7→ g(x), where
g ∈ G, x ∈ M. The orbit of an element x ∈ M is
the set of elements in M that can be reached from x
by the group action, Ox := {g(x) | g ∈ G}. There is
a bijection between the orbit and the quotient manifold
Ox ∼= G/Stabx, where Stabx := {g ∈ G | g(x) = x} is
the stabilizer of x [81]. Each smooth action of G on M
induces a corresponding Lie algebra action Z(x), Z ∈ g.
The subalgebra stabx := {Z ∈ g|Z(x) = 0} ⊂ g is the
stabilizer algebra of x. It is straightforward to prove that
the stabilizer algebra stabx is the Lie algebra of Stabx
[81].
We must therefore determine the stabilizer of the
Diff(M)-action (2.14) on the space of Schro¨dinger opera-
tors (2.12). Since this representation is equivalent to the
action (2.25) on the space of SL operators (2.15), let us
define the stability subgroup of SSL = {∆SL} in Diff(M)
to be Stabλ := {f ∈ Diff(M)|f∗(∆SL) = ∆SL}, where
f∗ is the pushforward of the Diff(M) action on ∆SL.
Now consider the infinitesimal diffeomorphism β(τ) :=
τ + ǫv(τ) for a ‘small’ parameter ǫ and v(τ) ∈ C∞(M).
Then the infinitesimal action of Diff(M) on the solutions
to the ODE, ∆SL(X) = 0, is given by
X˜ = X(τ) + ǫ
(
v∂τX −
1
2
X∂τv
)
λ˜ = λ(τ) + ǫ
(
v∂τλ+ 2λ∂τv +
m
2
∂3τv
)
(4.21)
where the second equation is the infinitesimal version of
(2.10). (Note that the third derivative term arises from
the infinitesimal limit of the Schwarzian derivative.) It
then follows from Eq. (4.21) that v ∈ Lie(Stabλ) if and
only if
v∂τλ+ 2λ∂τv +
m
2
∂3τv = 0 (4.22)
For the de Sitter cosmology (λ,m) = (0,m), the stabi-
lizer is ∂3τv = 0. The general form of the v(τ)-expansion
is therefore v(τ) = a + bτ + cτ2, where the arbitrary
constants a, b, c ∈ R can be associated with the time
translation (δτ = µ), dilatation (δτ = µτ) and confor-
mal boost (δτ = µτ2) generators of the sl(2,R) alge-
bra, respectively. Hence, the vector field V = v∂τ gener-
ates the sl(2,R) algebra, so the stabilizer of (0,m) is the
group SL(2,R). Indeed, as we have discussed above, this
9also follows directly from Eq. (2.10), since the kernel of
the Schwarzian operator, S : t 7→ S[f ](t), is the group
of SL(2,R) transformations f : t 7→ (at + b)/(ct + d),
ad− bc = 1.
We conclude, therefore, that each scalar field cosmol-
ogy may be identified with an element on the orbit of the
de Sitter point (0,m) generated under the orientation-
preserving Diff(M)-action. This orbit is the quotient
manifold
O(0,m) =
Diff+(R)
SL(2,R)
(4.23)
Consequently, we may label each scalar field cosmology
with a β(τ), where it is understood that we mod out by
an SL(2,R) transformation. In other words, we have the
equivalence relation β(τ) ∼ h(β(τ)), where h(τ) = (lτ +
m)/(nτ + p), lp−mn = 1. The identity element on the
orbit of (0,m) is β = τ modSL(2,R). Maps of the form
β(τ) = τ+ǫv(τ) that perturb away from the identity may
be viewed as points along the orbit in the neighbourhood
of the exponentially expanding de Sitter spacetime. Since
such maps generate a dynamical scalar field, these will
correspond to models of slow-roll inflation.
C. Cosmology and Self-Similar Wavefunctions
An important question to address at this stage is the
nature of the wavefunctions that correspond to the FRW
scalar field cosmologies under consideration. Here, we
show that the appropriate wavefunctions are self-similar.
In general, self-similar wavefunctions have the form u =
A(t)χ[r/b(t)]eiα(t,r), where b(t) is interpreted physically
as the width of the wavefunction [82, 83]. It has been
shown that all finite energy, self-similar solutions to Eq.
(3.1) have a phase that is necessarily quadratic in the
spatial coordinate with a time-dependent coefficient (re-
ferred to as the chirp) proportional to the logarithmic
derivative of the width, α(t, r) = (mb˙/2b)r2 [83]. In-
deed, the self-similar solution derived from the quintic
NLS equation (2.8) is given by [27]
u =
1
b1/2(t)
χ(σ) exp
[
im
2
b˙
b
r2
]
(4.24)
where σ := r/b(t) and the functions b(t) and χ(σ) satisfy
the equations
mb¨+ λ(t)b =
Q
b3
(4.25)
χσσ = mQχσ
2 + 2mg0χ
5 (4.26)
respectively, where Q ∈ R arises as an arbitrary separa-
tion constant. It has been further shown that a quadratic
phase in the wavefunction is precisely the condition re-
quired to lead to a closed system of moment equations
(3.16)-(3.18) [17]. In this case, consistency with the self-
similar solution (4.24) and the moment equation (3.16)
implies that I2 = b
2 = X2, in agreement with our inter-
pretation of X as the wavefunction width.
The scalar field cosmologies we have considered above
may therefore be associated with exact self-similar solu-
tions of the quintic NLS equation (2.8). This is a natu-
ral association given that a characteristic feature of self-
similar solutions is that they should exhibit no changes
in shape when evolving, in line with the notion of an
isotropically expanding (and/or contracting) cosmology
that remains homogeneous.
This association may be made more concrete by re-
examining the transformed wavefunction (2.6) under the
action of Diff(M):
u˜(τ, s) = (β˙(τ))1/4 exp
[
−
im
4
β¨
β˙
s2
]
uˆ(t, r) (4.27)
Comparison between Eqs. (4.24) and (4.27) then im-
plies that we may interpret solution (4.24) as the self-
similar wavefunction generated from the constant Hamil-
tonian solution uˆ. This latter wavefunction is deter-
mined by solving the corresponding equations (4.25)-
(4.26) for a zero trapping potential λ(t) = 0. It has a
width bˆ = A + Bt (when Q = 0) and time-independent
quadratic phase. Hence, the width of the transformed
wavefunction (4.27) is given by b˜(τ) = (A+Bβ(τ))/β˙1/2,
in agreement with the expression for the cosmic scale
factor, Eq. (4.17). (Note that the independent vari-
able σ transforms as a singlet under the Diff(M)-action
(2.5)-(2.6), so the functional form of χ(σ) remains in-
variant. Likewise, the relationship between the ampli-
tude and chirp of the wavefunction, as defined above in
terms of the wavefunction width, is also respected. The
self-similar character of the wavefunction is therefore pre-
served under the Diff(M)-action.)
D. Power Law Diffeomorphisms and Exponential
Potential Models
Now that we have established the role played by the
SL(2,R) symmetry in governing the dynamics of FRW
scalar field cosmologies, we illustrate this with a worked
example. Given the form of the non-trivial (traceless)
EFE in terms of the EP equation, together with the in-
variance of the Schwarzian derivative under the SL(2,R)
diffeomorphism, it is natural to identify scalar field cos-
mologies through the functional form of the field’s kinetic
energy, K[φ(τ)] := (dφ/dτ)2, parametrized with respect
to the time coordinate, τ . This is manifestly SL(2,R)
invariant. Consequently, for a given K[φ(τ)], the general
dependence of the scale factor on τ remains unaltered by
an SL(2,R) time reparametrization (up to linear trans-
lations on the numerical values of the (arbitrary) inte-
gration constants A and B in Eq. (4.17)). Different
particular solutions within an SL(2,R)-equivalence class
then correspond to different choices of these integration
constants, i.e., to different choices of initial conditions.
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For rolling scalar fields, two particular solutions within
an SL(2,R) equivalence can be mapped onto one another
by means of a particular SL(2,R) transformation. The
scalar field will exhibit the same τ -dependence in both
cases. Each particular solution would then correspond
to a different self-interaction potential for the scalar field,
and consequently, would originate from different under-
lying particle physics theories. In this sense, different
particle physics models can be viewed as being SL(2,R)-
equivalent.
By way of illustration, consider the power-law diffeo-
morphism:
t = β(τ) = τn, n ∈ R\{±1} (4.28)
This yields a Schwarzian
S[β](τ) =
(
1− n2
2
)
1
τ2
(4.29)
and, from Eq. (4.18), a corresponding scalar field evolu-
tion
φ(τ) − φ0 =
√
1− n2
2
ln τ (4.30)
where φ0 ∈ R is an arbitrary integration constant. Note
that n2 < 1 is necessary for the scalar field to have
positive-definite kinetic energy.
The two fundamental solutions to Eq. (4.5) when Q =
0 are X1 = Bt and X2 = A, where A,B ∈ R. From
these we generate the scale factors and scalar field self-
interaction potentials from Eqs. (4.17)-(4.20):
a1 ∼ τ
(n+1)/2 ∼ T (1+n)/(1−n),
V1(φ) = V1,0(1 + 2n) exp
[
−
√
2(1− n)
1 + n
φ
]
(4.31)
and
a2 ∼ τ
(1−n)/2 ∼ T (1−n)/(1+n),
V2(φ) = V2,0(1− 2n) exp
[
−
√
2(1 + n)
1− n
φ
]
(4.32)
respectively, where Vi,0 are arbitrary, positive-definite
constants. These two solutions are related via the map
n 7→ −n. In terms of cosmic time, the power of the ex-
pansion a ∼ T p is inverted such that p 7→ 1/p. Hence,
the map transforms an accelerating, inflationary cosmol-
ogy into a decelerating, deflationary solution, and vice-
versa. The invariant background is the coasting cosmol-
ogy a ∼ T . Note that for |n| > 1/2, the potentials have
opposite sign, so will in general originate from differing
underlying particle physics theories. When n > 1/2, for
example, the time-reversal of Eq. (4.32) corresponds to
the decelerating, contracting solution which forms the ba-
sis behind the cyclic scenario for the early universe [84].
This is ‘dual’ to the power-law inflationary cosmology
(4.31) [85]. Indeed, the two scenarios are related by the
SL(2,R) reparametrization τ 7→ −1/τ , which is one of
the generators of the SL(2,R) group.
The general solution to the (traceless) EFE (4.13) in
parametric form is deduced directly from the linear com-
bination of particular solutions (4.31)-(4.32), or equiva-
lently, from the full expression (4.17):
a(τ) = a1,0τ
(1+n)/2 + a2,0τ
(1−n)/2 (4.33)
where a1,0 and a2,0 are arbitrary, positive constants. The
integral in Eq. (4.20) can be evaluated analytically in
terms of a Gauss hypergeometric function, but the result
is not in general invertible:
T =
2
a2,0(1 + n)
τ (1+n)/2
× 2F1
(
1,
1 + n
2n
,
1
2
(
3 +
1
n
)
;−
a1,0τ
n
a2,0
)
(4.34)
Nevertheless, it is straightforward to express the scale
factor as a function of the scalar field:
a(φ) = a1,0e
Cφ + a2,0e
Dφ (4.35)
where
C =
√
1 + n
2(1− n)
, D =
√
1− n
2(1 + n)
, CD =
1
2
(4.36)
An expression for the scalar field potential can then
be deduced by expressing the FRW equations in the
‘Hamilton-Jacobi’ form, whereby the scalar field is in-
terpreted as the effective dynamical variable [5, 86–89].
(This is consistent if the field rolls monotonically with
time and this constraint is manifestly satisfied for the
class of models under consideration.) Specifically, when
k = 0, Eqs. (4.11)-(4.13) may be written in the form
H ′(φ) = −
1
2
dφ
dT
(4.37)
a(φ)H(φ) = −2a′(φ)H ′(φ) (4.38)
V (φ) = 3H2(φ)− 2H ′2(φ) (4.39)
We then find that the Hubble parameter is given by
H(φ) = aˆ1e
−Cφ + aˆ2e
−Dφ (4.40)
where the constants satisfy the algebraic constraint
(2C2 − 1)a1,0aˆ1 + (2D
2 − 1)a2,0aˆ2 = 0 (4.41)
It then follows from Eq. (4.39) that the potential is given
by a series of exponential terms together with a constant
term.
5. COSMOLOGY AND THE VIRASORO
COADJOINT ORBIT
Thus far, we have considered diffeomorphisms on the
line. In this Section, we focus on the diffeomorphism
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group on the circle, S1. More precisely, we consider
its universal cover group Diffc(S
1) = D˜iff
+
(S1) and
the corresponding central extension, which we denote as
D̂iffc(S
1). (See the Appendix for definitions and back-
ground details.) This will allow us to interpret a subset
of scalar field cosmologies in terms of a coadjoint orbit of
the Virasoro group. (For an introduction to the Virasoro
group and its coadjoint representation, see [61–63, 90].)
Elements of Diffc(S
1) are 2πZ-equivariant diffeomor-
phisms f : R→ R on the real line defined by f(ϕ+2π) =
f(ϕ) + 2π, f ′(ϕ) > 0 for any ϕ ∈ R. Equivalently, we
may write f(ϕ) = ϕ + u(ϕ), where u(ϕ) ∈ C∞(S1) is
a 2π-periodic function on the circle. The Lie algebra
is the tangent space at the identity corresponding to the
space of infinitesimal diffeomorphisms, f(ϕ) = ϕ+ǫX(ϕ),
where ǫ is a small parameter and X(ϕ) ∈ C∞(S1). It is
the space of smooth vector fields on S1. We therefore
regard Diffc(S
1) as a subgroup of Diff+(R), where func-
tions on the circle are 2π-periodic functions on the real
line R.
Before proceeding, it is worth remarking that in in-
flationary scenarios of the early universe in which the
Lorentzian quasi-de Sitter expansion is postulated to
emerge from an initial quantum state determined by a
microcanonical density matrix, the gravitational instan-
tons which dominate the path integral are defined as solu-
tions to the semi-classical field equations on the positive-
definite FRW metric ds2 = N2(τ)dτ2 + a2(τ)dΩ23,k,
where Eucliedean time τ is compactified on the circle,
S1 [91, 92]. Since the cosmological scalar field equations
are form invariant under a Wick rotation to Euclidean
time t 7→ it such that V (φ) 7→ −V (φ), k 7→ −k, the
present discussion is also relevant to these scenarios.
The coadjoint representation of the centrally extended
Virasoro group is defined by its action on the coadjoint
vector (p, c), where p ∈ F2(S
1) is a quadratic density and
c ∈ R is the central charge [19–23, 93–95]. It produces
the image [see Eq. (A.10) in the Appendix](
Âd
∗
β−1p
)
(τ) = (β′(τ))2p(β(τ)) −
c
12
S[β](τ) (5.1)
in terms of the inverse map ϕ = β(τ) = f−1(τ), where
S[β](τ) is the Schwarzian derivative (2.11). It is impor-
tant to note for the present discussion that the central
charge remains invariant under the adjoint representa-
tion and, moreover, it introduces a non-trivial term into
the transformation rule for the dual quadratic density, p.
The adjoint map (5.1) generates an identical image
(2.10) to that produced by the Diff(M)-actions (2.5)-
(2.6) and (2.25) on the spaces of Schro¨dinger and Sturm-
Liouville operators (2.12) and (2.15), respectively (when
we normalize to m = −c/6) [20–22]. Hence, we may
associate each coadjoint vector (p, c) with a differential
operator ∆SL = −
c
6∂
2
τ + p(τ), and vice-versa, where τ is
the coordinate on the line and p(τ) is 2π-periodic. The
map associating each coadjoint vector with Hill’s equa-
tion, ∆SL(X) = 0, is therefore Diffc(S
1)-invariant.
In this interpretation, we identify the scalar field’s ki-
netic energy K[φ(τ)] = (dφ/dτ)2 as the component of
the quadratic density, p. Although this is periodic in τ ,
it does not necessarily follow that the field’s canonical ki-
netic energy expressed as a function of cosmic time is nec-
essarily oscillatory. Indeed, solutions to Hill’s equation
need not be periodic and each model must be considered
on a case-by-case basis.
Following an identical argument to that presented in
Section 4B, we may now identify dynamical scalar field
cosmologies with elements on the orbit of the coadjoint
vector (p, c) = (0, c). The orbit is bijective to the quo-
tient manifold O(p) ∼= Diffc(S
1)/Stab(p,c), where the sta-
bilizer is the kernel of the coadjoint representation of the
Virasoro algebra. This is the derivative of (5.1) at the
identity [cf. Eq. (4.22)]:
âd
∗
Xp(ϕ) = Xp
′ + 2pX ′ −
c
12
X ′′′ (5.2)
The kernel is spanned by vector fields satisfying X ′′′ = 0
when p = 0. The only 2π-periodic solution satisfying
this equation is X(τ) = constant, so the stabilizer group
is the one-dimensional group of rigid translations. The
orbit is therefore [23]
O(0,c) ∼=
D˜iff
+
(S1)
R
∼=
Diff+(S1)
S1
(5.3)
In the classification of Hill operators by SL(2,R) mon-
odromy matrices, this corresponds to a non-degenerate
parabolic orbit with zero winding number [22, 62, 94].
This might seem counter-intuitive, since the image of
the vector (0, c) under the coadjoint representation is de-
termined entirely by the Schwarzian operator, which is
manifestly invariant under SL(2,R). However, one must
bear in mind that we have restricted to 2πZ-equivariant
diffeomorphisms in this Section, so the potential term,
p(τ), in Hill’s equation must be 2π-periodic.
Further insight may be gained by means of the Kirillov-
Kostant-Souriau (KKS) theorem [96–98]. This states
that every coadjoint orbit O(p) of a Lie group G is a (ho-
mogeneous) symplectic manifold associated with a non-
degenerate, G-invariant, closed two-form:
ωp(ad
∗
Xp, ad
∗
Y p) := 〈p, [X,Y ]〉 (5.4)
Non-degeneracy is defined by the condition that the ker-
nel of the two-form, ker(ω) := {v ∈ TO(p)|ivω = 0},
be zero everywhere on the manifold. Here iv is the con-
traction with respect to v, X and Y are elements of the
adjoint representation on the tangent space TO(p) to the
orbit and ωp(·, ·) is a real-valued function on the orbit,
with a value given by Eq. (5.4) at each point p˜ ∈ O(p)
[23].
We now proceed to calculate the symplectic two-form
on the orbit O(0,c), following Stanford & Witten [23, 99].
The value of the two-form at a given image point (5.1)
of the coadjoint vector (0, c) is determined from the Lie
bracket of the centrally extended algebra V̂ectc(S
1). This
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is given by Eqs. (A.6)-(A.7). The tangent space to O(0,c)
is parametrized in terms of infinitesimal changes in β
such that X(τ) = dβ−1(τ) = −dβ(τ)/β′(τ) [23, 99]. Eqs.
(A.6)-(A.10) then lead to an expression for the symplectic
two-form given by
ω = −
c
48π
∫ 2π
0
dτ
[(
dβ(τ)
β′(τ)
)′
∧
(
dβ(τ)
β′(τ)
)′′
−2S[β](τ)
(
dβ(τ)
β′(τ)
)
∧
(
dβ(τ)
β′(τ)
)′]
(5.5)
In this expression, d represents an abstract exterior
derivative, which operates on β but not on the coordi-
nate τ [99]. It therefore commutes with ∂τ and it follows
that the expression for the two-form simplifies to
ω = −
c
48π
∫ 2π
0
dτ
[(
dβ′(τ)
β′(τ)
)
∧ ∂τ
(
dβ′(τ)
β′(τ)
)]
(5.6)
Since the two-form (5.6) is expressed entirely in terms of
the logarithmic derivative dβ′/β′ = d log β′, it is mani-
festly closed, dω = 0.
An infinitesimal action of Diffc(S
1) is given by ǫ(τ)
corresponding to a vector field Vǫ = ǫ(τ)∂τ acting on β(τ)
such that δβ(τ) = ǫ(τ)β′(τ). Cartan’s formula implies
that the Lie derivative of a form along a vector field Vǫ
is given in general by LVǫω = iVǫdω+ d(iVǫω). Hence, to
verify that the two-form ω is invariant under Diffc(S
1),
i.e., to show that LVǫω = 0, it is sufficient to prove the
existence of a function Hǫ such that iVǫω = dHǫ. We
take the contraction of ω with Vǫ by replacing one of the
dβ with δβ = ǫβ′. Noting that ∂τ (dβ
′/β′) = d(β′′/β′),
we find that such a function is
Hǫ = −
c
48π
∫ 2π
0
dτ
[
2ǫ′
β′′
β′
+ ǫ
(
β′′
β′
)2]
=
c
24π
∫ 2π
0
dτ ǫ(τ)S[β](τ) (5.7)
However, the two-form has a zero-mode and is there-
fore degenerate. To see this, consider the Fourier ex-
pansion of a Diffc(S
1) element in the neighourhood of
the identity, β(τ) = τ +
∑
n∈Z une
inτ . At the identity
(un = 0), ω =
ci
24
∑
n n
3dun ∧ du−n. Hence, the kernel
of ω is one-dimensional, since ω vanishes for the n = 0
mode. This is also true at all points on the orbit since ω
is invariant under Diffc(S
1).
This mode may be interpreted in the following way
[99]. If we regard the Diffc(S
1) action of Vǫ as a left-
action, we may consider a second, right-action generated
by a vector field Wn given by δβ = e
inβ , n ∈ Z. This
right-action commutes with the left-action. It follows
that iWnω = −
c
24π
∫
dτn2einβdβ′. Hence, iWnω = 0 for
the zero-mode n = 0, which generates a translation sym-
metry. This implies that ω is a pullback from a quotient
space that is diffeomorphic to Diffc(S
1)/R. Hence, once
this zero mode has been removed by taking the quotient,
ω represents a closed, non-degenerate two-form. We see,
therefore, that the orbit O(0,c) is indeed the quotient of
Diffc(S
1) with the one-dimensional manifold R, rather
than with SL(2,R).
Since ω is now non-degenerate, we may interpret func-
tion (5.7) as the symplectic generator of the (left-) action
of the group. Indeed, the case ǫ(τ) = 1 generates the
analogue of a time translation symmetry δβ = β′. The
Hamiltonian generator in this case is a pure integral of
the Schwarzian derivative
I =
c
24π
∫
dτ S[β](τ) (5.8)
Within a cosmological context, this is directly related to
the kinetic energy of the scalar field K(φ) = (dφ/dτ)2
via Eq. (4.7):
I =
Gc
3
∫
dτ
(
dφ
dτ
)2
(5.9)
Readers familiar with the Bondi-van der Burg-Metzner-
Sachs (BMS) symmetry group [100–103] of three-
dimensional asymptotically flat gravity at null infinity
will note the prefactor of Gc/3. A central charge of
c = 3/G for the coadjoint representation of the centrally
extended BMS group in three dimensions is precisely the
condition that allows the metric components to be iden-
tified directly as components of a dual stress tensor in a
two-dimensional field theory [104–106].
6. CONCLUSION AND DISCUSSION
In this paper, we have presented a new interpreta-
tion of FRW cosmologies in terms of the diffeomorphism
group of the real line. The time reparametrization gen-
erates an effective rolling scalar field, where the kinetic
energy of the field is related to the Schwarzian derivative
of the diffeomophism. Specifically, we have considered a
non-linear Schro¨dinger equation possessing a kinemati-
cal SL(2,R) Lie point symmetry and employed the mo-
ment method to determine the dynamics of integral quan-
tities describing the width, momentum and energy of
the wavefunction. The Diff(M)-action explicitly breaks
such a symmetry, but in such a way that the deformed
evolution equations for the wavefunction moments can
be mapped directly onto the (traceless) Einstein field
equations of spatially isotropic universes. The wavefunc-
tion moments admit natural physical interpretations in
terms of the scale factor of the universe (width of the
wavefunction), the cosmic expansion rate (wavefunction
momentum) and the energy density of the scalar field
(Hamiltonian of the wavefunction). Energy-momentum
conservation of the gravitational matter source (scalar
field) arises naturally within the moment equations of
motion and its origin can be traced to the existence of
the conserved (in time) quadratic Casimir of the under-
lying SL(2,R) ∼= SO(2, 1) symmetry algebra. In effect,
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the SL(2,R) symmetry is explicitly broken by the action
of Diff(M), but in such a way that energy-momentum
conservation in the gravitational setting is maintained.
We have focused on the one-dimensional, quintic NLS
equation, which describes the dynamics of dilute, ultra-
cold, strongly repulsive Bose gases interacting in the
Tonks-Girardeau regime [27]. Such systems have been
observed experimentally [33, 34]. It should be empha-
sized, however, that the moment method generates a
closed system of evolution equations for a d-dimensional
NLS equation with conformal (scale-invariant) non-linear
coupling of the form |u|4/du [17]. The d = 2 cubic
NLS equation is of particular importance in the study
of Bose-Einstein condensates which are tightly bound in
one direction (see, e.g., [107] for a review). It should be
straightforward to generalize the results of the present
paper to such a higher-dimensional setting.
The underlying SL(2,R) symmetry is key to ensur-
ing that the moment equations form a non-autonomous,
closed system of ODEs, which ultimately reduce to an
Ermakov-Pinney equation. Indeed, the symmetry is
manifest as the Lie point symmetry (2.17) of the free
EP equation. This is important when considering the
Diff(M) actions on the (affine) spaces of Schro¨dinger
and Sturm-Liouville operators with time-dependent (har-
monic) potentials. Both spaces are preserved by natural
representations of Diff(M) and the corresponding NLS
and EP equations are form-invariant under such an ac-
tion. Moreover, the action of the diffeomorphism group
on these operator spaces is equivalent, in the sense that
a given time-dependent potential is mapped to the same
image (2.10) in both cases. In particular, this implies
that the same trapping potential is generated in terms of
the Schwarzian derivative from the λ(t) = 0 model.
Consequently, the reduction of the non-linear
Schro¨dinger equation to the EP equation via the moment
method does not affect the image of the trapping poten-
tial under Diff(M). The EP moment equation then maps
directly onto the non-trivial component of the traceless
Einstein field equations and the Casimir constraint pro-
vides the first integral constraint which ensures conser-
vation of energy-momentum.
The Schwarzian operator is the unique set of deriva-
tives that remains invariant under a homographic trans-
formation of the group of fractional linear transforma-
tions. As a result, each scalar field cosmology (as
parametrized by the field’s kinetic energy) can be iden-
tified with an element of Diff(M) modulo an SL(2,R)
time-reparametrization. A given cosmology is there-
fore represented by a point on the orbit of the el-
ement (λ,m) = (0,m), which is the quotient space
Diff(M)/SL(2,R). A crucial point to note is that the
image of the element (0,m) 7→ (m2 S[β](τ),m) is non-
trivial because the mass parameter m is non-zero.
We interpreted the element (0,m) as the constant
Hamiltonian wavefunction corresponding to the de Sit-
ter universe. The Diff(M)-action generates a self-similar
wavefunction from this background configuration, which
embeds the cosmic dynamics within its lowest-order mo-
ments. Self-similar wavefunctions generated by infinites-
imal diffeomorphisms may then be identified as slow-roll
inflationary cosmologies. Indeed, slow-roll inflation may
be associated in this way with the explicit breaking of
(non-relativistic) SL(2,R) ∼= SO(2, 1) conformal symme-
try by a natural action of Diff(M).
Focusing the analysis on the central extension of the
universal cover group Diffc(S
1) of 2πZ-equivariant diffeo-
morphisms on the line leads to further insights. A rolling
scalar field arises due to the non-zero central charge and
the Schwarzian derivative which determines the field’s ki-
netic energy is then the Souriau one-cocycle associated
with the Bott-Thurston two-cocycle defining the central
extension [22, 25]. Specific cosmologies may be identi-
fied as elements on the Virasoro coadjoint orbit O(0,c).
This symplectic manifold admits a Hamiltonian genera-
tor Hǫ ∼
∫
dτ(dφ/dτ)2 in terms of the scalar field kinetic
energy. Intriguingly, the constant of proportionality is
cG/3, a factor which equals unity in the BMS3/CFT2
correspondence [104–106]. In general, the transforma-
tion of the quadratic density λ under the coadjoint ac-
tion (5.1) may be interpreted as that of a stress-tensor
in a two-dimensional CFT. In this context, the integral
E[λ˜] := 12π
∫
dτλ˜(τ) defines the associated energy of the
CFT. With c = 3/G, such an interpretation leads to an
energy functional
E =
∫
dτ
(
dφ
dτ
)2
(6.1)
for each inflationary cosmology. It would be interesting
to investigate if there are possible connections with the
three-dimensional BMS group.
We conclude with a speculative remark. Stanford
& Witten [99] have recently calculated the ǫ(τ) =
constant Hamiltonian generator associated with the Vi-
rasoro coadjoint orbit of the vector (−c/24, c). This orbit
is the quotient D̂iffc(S
1)/SL(2,R). They identified this
generator with the Schwarzian action of the Sachdev-Ye-
Kitaev (SYK) model [108, 109], which is a quantum-
mechanical model of large N fermionic particles with
emergent reparametrization invariance. This model has
attracted considerable interest recently in light of its con-
jectured duality with (1 + 1)-dimensional gravity [110–
116]. At the infrared fixed point, the reparametrization is
spontaneously broken to SL(2,R), leading to zero modes
(Goldstone bosons) that parametrize the quotient space
Diff(M)/SL(2,R). This is similar to what happens when
one introduces a cutoff in two-dimensional anti-de Sitter
space arising as the low-energy limit of some generic UV
theory [111]. The cutout can be parametrized in terms
of a function t(τ), where τ is the time coordinate of the
UV theory. However, the cutout shape is invariant un-
der an SL(2,R) reparametrization of t, so the full set
of diffeomorphisms is Diff(M)/SL(2,R). When one ac-
counts for explicit boundary terms involving the dilaton,
the shape of the cutout curve (reparametrization) is de-
termined by an effective one-dimensional boundary ac-
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tion of the Schwarzian type, I ∼
∫
dτφr(τ)S[t](τ), where
φr is determined by the boundary value of the dilaton
[111]. In view of the roles played in the present work by
Diff(M)/SL(2,R) and the Schwarzian derivative arising
in the symplectic generator (5.8), one might wonder if in-
flationary scalar field cosmology could be (formally) as-
sociated with lower-dimensional gravity in a similar way.
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A. APPENDIX: THE VIRASORO GROUP AND
THE COADJOINT REPRESENTATION
The universal cover of the unit circle, S1 = {eiϕ ∈
C |ϕ ∈ [0, 2π]}, is the real line R with the projection
p : R → S1 : ϕ → eiϕ. The kernel of p is the set of
integer multiples of 2π, so S1 ∼= R/2πZ, where the quo-
tient is by the equivalence ϕ ∼ ϕ+2π. A diffeomorphism
of the circle is a smooth bijection F : S1 → S1, where
composition determines the group operation. Diff(S1) is
the infinite-dimensional group of such diffeomorphisms.
The connected subgroup of Diff(S1) that preserves ori-
entations on the circle is denoted Diff+(S1).
In terms of the 2π-periodic coordinate ϕ, an element
of Diff(S1) is the map F : eiϕ → F (eiϕ). Given such a
map, there exists a diffeomorphism f : R→ R of the real
line such that
F (eiϕ) = eif(ϕ), F ◦ p = p ◦ f (A.1)
To respect the periodicity of ϕ and the orientation of S1,
the map f : R→ R must be a (smooth) 2πZ-equivariant
map defined by the properties (in this appendix a prime
denotes ∂/∂ϕ)
f ′(ϕ) > 0, f(ϕ+ 2π) = f(ϕ) + 2π (A.2)
for any ϕ ∈ R on the line. Such a map can always be
expressed in the form f(ϕ) = ϕ+ u(ϕ), where u(ϕ) is a
smooth 2π-periodic function, i.e., a smooth function on
the circle, u(ϕ) ∈ C∞(S1). The group of 2πZ-equivariant
maps on the real line R defined by (A.2) with the projec-
tion (A.1) form the universal cover group of Diff+(S1).
We focus on this universal cover group and denote it by
D˜iff
+
(S1) = Diffc(S
1).
The coadjoint action of Diffc(S
1) is defined on the
(regularized) space that is dual to Vectc(S
1), the space
of smooth vector fields on the circle. The dual is the
space of quadratic densities, Vectc(S
1)∗ ∼= F2(S
1) =
{p(ϕ)(dϕ)2 | p(ϕ) ∈ C∞(S1)}. It is a dual space in the
sense that there exists a non-degenerate pairing (an iso-
morphism F2(S
1)∗ ∼= F−1(S
1)) that is invariant under
the action of Diffc(S
1). The pairing is given explicitly by
means of the L2–inner product:
〈p,X〉 :=
1
2π
∫ 2π
0
dϕ p(ϕ)X(ϕ) (A.3)
The coadjoint representation of Diffc(S
1) is then defined
to be Ad∗ : Diffc(S
1)→ Aut(Vectc(S
1)∗) such that
〈Ad∗f p, Y 〉 := 〈p,Adf−1Y 〉 (A.4)
In other words, it is the transformation law for a
quadratic tensor-density of weight h = 2 [cf. Eq. (2.22)]:
Ad∗f (p)(ϕ) = [(f
−1)′(ϕ)]2p(f−1(ϕ)) (A.5)
In general, the central extension of a Lie group is de-
fined in terms of a two-cocycle and an associated Souriau
one-cocycle [98], with the cyclic property defined to en-
sure associativity of the extended group operation. The
Virasoro group is defined here as the central extension
of the universal cover group of the diffeomorphism group
on the circle: D̂iffc(S
1) := Diffc(S
1) × R [61–63, 90].
For this centrally extended group, the two-cocycle is the
Bott-Thurston cocycle [25] and the Souriau cocycle is
the Schwarzian derivative [21, 22]. The Virasoro algebra
V̂ectc(S
1) is the Lie algebra of D̂iffc(S
1). It is a vec-
tor space, V̂ectc(S
1) ∼= Vectc(S
1) ⊕ R, spanned by pairs
(X,µ), where X = X(ϕ)∂ϕ is a vector field on S
1 and
µ ∈ R. The Lie bracket of V̂ectc(S
1) is defined by
[(X,µ), (Y, ν)]c := ([X,Y ], c(X,Y )) (A.6)
where the commutator on the right-hand side of (A.6) is
the Lie bracket of Vectc(S
1) and
c(X,Y ) := −
1
24π
∫ 2π
0
dϕX(ϕ)Y ′′′(ϕ) (A.7)
defines the Gelfand-Fuchs two-cocycle [24].
The (regularized) dual Lie algebra V̂ectc(S
1)∗ is there-
fore spanned by pairs (p, c), where p is a quadratic tensor-
density on S1 and c ∈ R is known as the central charge.
The pairs (X,µ) and (p, c) are referred to as adjoint
and coadjoint vectors, respectively. The pairing between
them is given by
〈(p, c), (X,µ)〉 :=
1
2π
∫ 2π
0
dϕ p(ϕ)X(ϕ) + cµ (A.8)
The coadjoint representation of the centrally extended
Virasoro group is then defined by [61–63, 90]〈
Âd
∗
(f,ν)(p, c), (X,µ)
〉
:=
〈
(p, c), Âd(f−1,−ν)(X,µ)
〉
=
〈
p,Adf−1X
〉
+ cµ−
c
12
〈
S[f−1], X
〉
(A.9)
where the Souriau cocycle S[f−1] is given by the
Schwarzian derivative [21, 22, 98]. Removing the explicit
dependence on the adjoint vector (X,µ) from (A.9), we
deduce the equivalent expression
Âd
∗
f (p, c) =
(
Ad∗fp−
c
12
S[f−1], c
)
(A.10)
for the coadjoint representation.
